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Background and Objectives

Linearization of models with respect to the random effect variable has been proved to work well for continuous models and the FOCE(l) approximation [1].
The approach enables fast and sometimes more stable estimation of covariate and random effects models, once as a structural model has been identified.
However, for likelihood-based models, first order mean and variance linearization is not feasible since the data are not implicitly assumed normally

distributed. Instead, a second order Taylor expansion is needed.
The aim of this work is to implement a second order Taylor expansion to improve speed and stability for likelihood-based models.

Methods and Materials

The -2 log likelihood (-2LL) of the individual observation is approximated with Pseudo code for Base model Pseudo code for Taylor expanded model
second order Taylor series expansion, l.e. SABBREVIATED COMRES=6 $INPUT ID DV ;Covariates; EVID MYY EBEl EBE2 DYDETAL
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where [;; is the -2LL of the j* observation of the i*! individual, VI;; and H;; . .. < PRED
are gradient vector and Hessian matrix with respect to random variable vector " *f (EVID-E0.0) THEN iOnly obs records Y70 Mo contribution to “ZLL for other rows
: : A _ _ A _ " COM(1)=G(l,1) !dY dETAl DELTA ETA 1=(ETA(1)-EBE1)
1. 0 is a vector of fixed effects,n_ ;18 the empirical Bayes estimate of 1, see fig + cou2)=c(2,1) 14y asraz DELTA_ETA 2= (ETA (2) -EBE2)
_ o ] ] _ " COM(3)=G(1,2) !dY2 d2ETAl
1. The model is modified by substituting 1} = g(1,0). The function g can for + cow—c2.2) 1ave asraz azras ) 0 amel gt owder temw
example be used to introduce covariates or covariances. The key advantage ggﬁgf D‘qi;?”%!df—dffi o TM?;MYY;DYDTM*DELTA—ETA—“ PYDETAZTDELTA_ETA_2
. . . . . . g . " = 'The log likelihoo ; 2nd order terms
of this approximation is that it does not require any additional computation of  guoir TMP2=TMP1+1/2% (DELTA_ETA 1**2*D2YDETALL+
the structural model predictions, hence an extensive explorations of various . s.ve output with high precision DI, B, 258 EDNDIIELS)
functions g become feasible even for models with long computation time. R s o1y oneyar B tes Y=TMP2+DELTA_ETA_1*DELTA_ETA_2*D2YDETA12
We now modify the model by letting 1} = g(n, 8). This gives the following pod ordor.den o IR AT STHETA ;All structural THETAS removed expect e.g.
apprOXimatiOn Figure 1. Pseudo code for additions needed in NONMEM to $OMEGA VAR ETAl ; Estimate all OMEGAS
N N N implement the 2" order Taylor expansion of the model. This SOMEGA VAR ETA?
lij (g(‘n, 9)’ O) =~ ll] (ﬁOJ , O) -+ Vll] (ﬁOJ , 9) (g(]‘l’ O) — ﬁO]) example assumes two random effects (ETAS). -
1 This procedure can be performed automatically in PsN (ver. 4.8.0 and above), e.g.,
N\
+ = 0)—1n )'H;;(#}.,,0 0) — 1] iDeari
> (g(m, 0) Tloj) ij (770]-; )(g(M, 0) ‘10]-): linearize run1.mod -second_order

Results

As can be seen from the above workflow, once the base model runs and all the necessary variables Final model from SCM of Taylor expanded model
SPROBLEM Second order approximation

for the Taylor expansion are obtained, the covariate model building procedures can be done using ! i i
] ] ] ] ] SINPUT ID DV TIME BMMS AGE=DROP SEX=DROP EDU=DROP MYY EBE1l EBEZ
Taylor expanded model (i.e., without evaluating the structural model). Once the final covariate model &szs bvoerai pvperaz pyoeTas p2ypeTall p2vpETA12 D2YDETA22

is built using the Taylor expanded model, as can be seen in this example, the covariate mode| D2'PFtas Perbatazs D2YDETASS

_ _ SDATA 2nd order.dta IGNORE=@
structure and its parameters for the base model can be derived from the Taylor expanded model. $PRED
. . . . ;77 SLOPEBMMS-DEFINITION START
This workflow was tested using the following different models: NPT

; ;» SLOPEBMMS-DEFINITION END

- minimal continuous-time Markov model for the Likert pain score (mCTMM) [2] A —

- first-order Markov model for Fatigue experienced by Sunitinib-treated patients (MARKOV) [3] SLOPzig;S;ﬁiifgi -

- bounded integer model for ADAS-cog score (Bl) [4,5]
For mCTMM we have manually added covariate, and for MARKOV and BI, we have conducted BASEESEBTM??ETEEZT;T}?E;MS _27))
extensive covariate search using the SCM method implemented in PsN [6,7]. 77 BASEBMMS-DEFINITION END

; »» BASE-RELATION START
BASECOV=BASEBMMS

Model OFV of model OFV of final model Computation time ;77 BASE-RELATION END
w/o covariates including covariate model building” UBASE-THETA (1)
mCTMM 60824.17 59994.69 554 sec TUBASE — BASECOV*TUBASE
mCTMM using Taylor approximation 60826.96 60028.98 219 sec ;ziigiifﬂzii li éz:ov*wsmpE
MARKOV 6765.61 6765.61 9513 sec
DELTA ETA 1 = (TVBASE-THETA(1)+ETA (1) - EBE1)
MARKOYV using Taylor approximation 6763.99 6763.99 697 sec + 24 sec™” DELTA:ETA:2 _ (TVSLOPE_THETA<2)++ETA<2) _ EBE2)
BI 28122.99 27569.13 14100 sec TERM Ol _1 = DYDETAL * DELTA_ETA_l
Bl using Taylor approximation 28122.99 27569.10 168 sec + 357 sec** VEREL 1.2 = DMDBIRS ¥ DI B 2
TMP1 = MYY + TERM Ol 1 + TERM 01 2
Table I. The Objective function Value (OFV) and computation time. TERM 02 1 = DELTA ETA 1**2 * D2YDETALl
*Computation time was measured with a MAXEVAL=0 run in NONMEM 7.4 with GCC version 6.3.0 on Intel(R) Xeon(R) E5645 @2.40GHz TERM O2 2 = DELTA ETA 2**2 * D2Z2YDETAZZ
**For the computation time for derivatives. TMP2 = TMP1 + 1/2*(TERM 02 1 + TERM 02 2)
TERM O3 12 = DELTA ETA 1 * DELTA ETA 2 * D2YDETAI2
As can be seen from the above Table 1, some approximation error can be observed; however, a XS WuE G anms 08, 42 T wnie 08, 4
significant speed up in the computation was achieved. STHETA 1 FIX
. . T . iy . . $THETA 1 FIX
For MARKOQOYV, the SCM did not find any statistically significant covariates. For Bl, the baseline STHETA  (=0.333,-0.095057,0.143) ; BASEEMMSI
Minimum Mental State Examination score was significant covariates for both baseline ADAS-cog zgﬁz <-0-33(§;-0-000616045f0-143> 7 SHOPEHEAST
. . . . BLOCK
score and disease progression. Both of these results were consistent between the original model and ;4561315 e
approximated model while it was significantly faster to run SCM using approximated model. >, 2009987051 620319805 ;1 2/ SLOEE
SESTIMATION MAXEVAL=9999 METHOD=1 LAPLACE -2LL
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