
The -2 log likelihood (-2LL) of the individual observation is approximated with 
second order Taylor series expansion, i.e.
𝑙"#(𝛈̂ , 𝛉̂) ≈ 𝑙"#(𝛈̂+# , 𝛉̂) + 𝛻𝑙"#(𝛈̂+# , 𝛉̂)(𝛈̂ − 𝛈̂+#) +

1
2
(𝛈̂ − 𝛈̂+#)

1𝐻"#(𝛈+#^ , 𝛉̂)(𝛈̂ − 𝛈̂+#),

where 𝑙"# is the -2LL of the 𝑗45 observation of the 𝑖45 individual, 𝛻𝑙"# and 𝐻"#
are gradient vector and Hessian matrix with respect to random variable vector
𝛈. 𝛉 is a vector of fixed effects,𝛈̂+# is the empirical Bayes estimate of 𝛈̂, see fig
1. The model is modified by substituting 𝛈̂ = 𝐠(𝛈, 𝛉). The function 𝐠 can for
example be used to introduce covariates or covariances. The key advantage
of this approximation is that it does not require any additional computation of
the structural model predictions, hence an extensive explorations of various
functions 𝐠 become feasible even for models with long computation time.
We now modify the model by letting 𝛈̂ = 𝐠(𝛈, 𝛉). This gives the following 
approximation

𝑙"#(𝐠(𝛈, 𝛉), 𝛉̂) ≈ 𝑙"#(𝛈̂+# , 𝛉̂) + 𝛻𝑙"#(𝛈̂+# , 𝛉̂)(𝐠(𝛈, 𝛉) − 𝛈̂+#)

	 	 +
1
2
(𝐠(𝛈, 𝛉) − 𝛈̂+#)

1𝐻"#(𝜼̂𝒐𝒋 , 𝛉̂)(𝐠(𝛈, 𝛉) − 𝛈̂+#),

ü A strategy to implement second-order Taylor expansion of the likelihood of
the nonlinear mixed effect model was derived, which enables fast and stable
assessments of covariates for likelihood-based models. The proposed
method expands the use of the linearization technique [1,6,8] to also include
likelihood-based models.
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Model OFV of model
w/o covariates

OFV of final model Computation time 
including covariate model building*

mCTMM 60824.17 59994.69 554 sec 

mCTMM using Taylor approximation 60826.96 60028.98 219 sec

MARKOV 6765.61 6765.61 9513 sec

MARKOV using Taylor approximation 6763.99 6763.99 697 sec + 24 sec**

BI 28122.99 27569.13 14100 sec
BI using Taylor approximation 28122.99 27569.10 168 sec + 357 sec**

$PROBLEM Second order approximation

$INPUT ID DV TIME BMMS AGE=DROP SEX=DROP EDU=DROP MYY EBE1 EBE2

EBE3 DYDETA1 DYDETA2 DYDETA3 D2YDETA11 D2YDETA12 D2YDETA22

D2YDETA13 D2YDETA23 D2YDETA33

$DATA 2nd_order.dta IGNORE=@

$PRED
;;; SLOPEBMMS-DEFINITION START

SLOPEBMMS = ( 1 + THETA(4)*(BMMS - 27))

;;; SLOPEBMMS-DEFINITION END

;;; SLOPE-RELATION START

SLOPECOV=SLOPEBMMS

;;; SLOPE-RELATION END

;;; BASEBMMS-DEFINITION START

BASEBMMS = ( 1 + THETA(3)*(BMMS - 27))

;;; BASEBMMS-DEFINITION END

;;; BASE-RELATION START

BASECOV=BASEBMMS

;;; BASE-RELATION END

TVBASE=THETA(1)

TVBASE = BASECOV*TVBASE

TVSLOPE=THETA(2)

TVSLOPE = SLOPECOV*TVSLOPE

DELTA_ETA_1 = (TVBASE-THETA(1)+ETA(1) - EBE1)

DELTA_ETA_2 = (TVSLOPE-THETA(2)+ETA(2) - EBE2)

TERM_O1_1 = DYDETA1 * DELTA_ETA_1

TERM_O1_2 = DYDETA2 * DELTA_ETA_2

TMP1 = MYY + TERM_O1_1 + TERM_O1_2

TERM_O2_1 = DELTA_ETA_1**2 * D2YDETA11

TERM_O2_2 = DELTA_ETA_2**2 * D2YDETA22

TMP2 = TMP1 + 1/2*(TERM_O2_1 + TERM_O2_2)

TERM_O3_12 = DELTA_ETA_1 * DELTA_ETA_2 * D2YDETA12

Y = TMP2 + TERM_O3_12 + TERM_O3_13

$THETA 1 FIX

$THETA 1 FIX

$THETA (-0.333,-0.095057,0.143) ; BASEBMMS1

$THETA (-0.333,-0.000616045,0.143) ; SLOPEBMMS1

$OMEGA BLOCK(2)

0.0561313 ; BASE

5.20099E-05 6.20319E-05 ; 2 SLOPE

$ESTIMATION MAXEVAL=9999 METHOD=1 LAPLACE -2LL

As can be seen from the above workflow, once the base model runs and all the necessary variables
for the Taylor expansion are obtained, the covariate model building procedures can be done using
Taylor expanded model (i.e., without evaluating the structural model). Once the final covariate model
is built using the Taylor expanded model, as can be seen in this example, the covariate model
structure and its parameters for the base model can be derived from the Taylor expanded model.
This workflow was tested using the following different models:

- minimal continuous-time Markov model for the Likert pain score (mCTMM) [2]
- first-order Markov model for Fatigue experienced by Sunitinib-treated patients (MARKOV) [3]
- bounded integer model for ADAS-cog score (BI) [4,5]

For mCTMM we have manually added covariate, and for MARKOV and BI, we have conducted 
extensive covariate search using the SCM method implemented in PsN [6,7].

Final model from SCM of Taylor expanded model

$PRED
Y=0 ;No contribution to –2LL for other rows

DELTA_ETA_1=(ETA(1)-EBE1)

DELTA_ETA_2=(ETA(2)-EBE2)

; 0 and 1st order term

TMP1=MYY+DYDETA1*DELTA_ETA_1+ DYDETA2*DELTA_ETA_2

; 2nd order terms

TMP2=TMP1+1/2*(DELTA_ETA_1**2*D2YDETA11+

DELTA_ETA_2**2*D2YDETA22)

Y=TMP2+DELTA_ETA_1*DELTA_ETA_2*D2YDETA12

$INPUT ID DV ;Covariates; EVID MYY EBE1 EBE2 DYDETA1                    
DYDETA2 D2YDETA11 D2YDETA12 D2YDETA22

Pseudo code for Taylor expanded model

$ABBREVIATED COMRES=6 

; Save output with high precision

$TABLE FORMAT=s1PE30.15 ID DV ;Covariates; 
EVID COM(6) ETA1 ETA2 COM(1) COM(2) COM(3) 
COM(4) COM(5) NOPRINT ONEHEADER FILE=
2nd_order.dta 

$ERROR
; Previous code that defines Y

TMP2=Y

"LAST

"  IF (EVID.EQ.0) THEN !Only obs records

"   COM(1)=G(1,1)  !dY_dETA1

"   COM(2)=G(2,1)  !dY_dETA2

"   COM(3)=G(1,2)  !dY2_d2ETA1

"   COM(4)=G(2,2)  !dY2_dETA2_dETA1

"   COM(5)=G(2,3)  !dY2_d2ETA2

"   COM(6)=TMP2 !The log likelihood

"  ENDIF

Pseudo code for Base model

Figure 1. Pseudo code for  additions needed in NONMEM to 
implement the 2nd order Taylor expansion of the model. This 
example assumes two random effects (ETAs). 

$DATA 2nd_order.dta IGNORE=@  IGNORE=(EVID.GT.0)

$THETA ;All structural THETAS removed expect e.g. 
new covariates to test

$OMEGA VAR_ETA1 ; Estimate all OMEGAS

$OMEGA VAR_ETA2

This procedure can be performed automatically in PsN (ver. 4.8.0 and above), e.g.,
linearize run1.mod -second_order

Table I. The Objective function Value (OFV) and computation time.
*Computation time was measured with a MAXEVAL=0 run in NONMEM 7.4 with GCC version 6.3.0 on Intel(R) Xeon(R) E5645 @2.40GHz
**For the computation time for derivatives.

As can be seen from the above Table 1, some approximation error can be observed; however, a 
significant speed up in the computation was achieved.
For MARKOV, the SCM did not find any statistically significant covariates. For BI, the baseline 
Minimum Mental State Examination score was significant covariates for both baseline ADAS-cog 
score and disease progression. Both of these results were consistent between the original model and 
approximated model while it was significantly faster to run SCM using approximated model.


