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Objectives

Tornge et al. introduced the application of stochas-
tic differential equations to pharmacokinetic-
pharmacodynamic (PK-PD) modeling in NONMEM. [1]
One of their examples concerned identifying a possibly
time-varying absorption rate.

When, during drug absorption, both pharmacokinetic
and pharmacodynamic data are acquired, the questions
arise:

o Can these different types of data be analyzed simul-
taneously when the time instants of the samples do not
coincide?

« How would simultaneous stochastic modeling affect
PK and PD parameter estimation?

Methods

Three-compartmental models, consisting of an absorp-
tion, disposition, and effect compartment were imple-
mented in NONMEM incorporating Kalman filters with

e My: bivariate PK and PD feedback;

e M;: alternating univariate PK and PD feedback;

e My: as M, but with PK and PD information only fed
back to the respective PK and PD parts of the model;

e Mj3: no feedback.

The state (co)variance matrix was integrated using
eqs (3) from Jorgensen et al. [2] to ensure it remains
semipositive-definite.

The absorption rate (k 4) and blood-effect-site equilibra-
tion rate (k.o) were governed by stochastic differential
equations. The disposition compartment was charac-
terized by an elimination rate (kg) and volume of distri-
bution (Vp).

At the first sampling time a PD measurement was gen-
erated, a PK measurement at the next, et cetera.

The PD model was: E(t) = Ey + Ce(t) /Cone-

mal(da1x1) 6(g1,2) (g1.6) gL xt) gL X5), (4162 1) 062 x2)G2.13). G2 x) IG2.2)) (O3,
) 033 ) 03 59 3 ) (0. 2) 3 3 04 ) 3 X5 (35 13) OB 2
(6B g5 xa) a5 15

MaI(DL1 p12 913 p14 p15) (12 022,023,524, p25), (013,523, p33 034 535 (D14 924,534, i p45) (015,25 035 5,5

I mai{ap11 dpLa 4913 oL dp19) (GPL2 8922023 dp2a dh25) (P15 28 OSSR, 0p35) G4 G2 cp 34 i pds). (4
PRGSO A

(0P ) 0k x2) Ak ). xd) kX))
(o) it x2) i ) e <) (.o

plepp(cpkemai(e)
P = cpapTp(cpd) mat((vr)

= subip22-ep22,1K),
= SUbl[p33°2p33 r2vp0) p0)
e o)
S ma(4AL 01z 13014019, 4.025) (33103
b an o i Ko iy v < i ok ideniy mai
shicth "an i slemens of

g

AL 414 =) 5=k,
KT 3.

(1.3, pL4:=Updi(L ), UpIS =upd(LS),
3.3, D34 = upA(3 . U352 Upe(35) U

a5 =y
i 23, R e
RS e upbo b o

optimize KL= pk(L 1) K21:=pK(2 1) K3L=pK(3.1) kL= kpk{d,1). K51kpk(S.1) iname ik out "k’
pimize KL= HpA(L1) k21~ Apa(2.1) K31~ pa(3 1), i = pal 1), ko1 = pa(51) mame akplout skpel

opimize 1120001 12=2p02) cAS=2L, 4= ), 20152, 202220002 26220023
I ) 025Dl 3 p(09) 4= 004). 2995 =1p(0), A ) 24500, 05
20(5.5) iname

e ol ol D, 261 -i0(1.2), 2613=10(1.9), 2614=z0(14), 2615/=20(L5), 26221=20(22), 2623=26(2).
e Saela ), ool o) 26562003, 2004260 ). 82009 L6424, 2048 ~26(4) 55
26(5.5) Inaie e out ‘s i

tha = og(cka)-xas,
1460 = (ke 55

opimize ag11=:ag(L1), ag14:=:aqg(. 0
fa2) 2053 = 20025, a0k =ad(2.4)

= au21) aq22:=
3.5 name o

1(2.2), 24 =200(2.4), a031:=20(3.), aq32:=ag
S

=103) 2a=12.0)
nams dt out SLc

(14) RIS =PUD(LS). pp22:=iRUD(22). prp
B3, DUsSH VB0, DS SRS, P VB

end

Figure 1: Code for package SCOPE of the computer
algebra system REDUCE [3] to generate optimized
NM-TRAN compatible FORTRAN code for $SINCLUDE
statements.

Methods (continued)

The REDUCE code specifies two extended Kalman filters
for univariate PK and PD measurements, with update
equations for the state vector and its (co)variance ma-
trix. The NONMEM code selects these filters depending
on the nature of the measurements.

The models were fitted to 1000 simulated single-subject
data sets, generated with four different values of the
blood-effect-site equilibration rate, to assess bias and
standard error of model parameters.

Other parameter values were ks = 0.25, kg = 0.5,
Vb =1, Cone = 1, SDs of system noises vi, = 0.25 and
Vk,0 zero unless when comparing M, and M;, and of
measurement noises opg = opp = 0.02.

Results

o Kalman filter My and M, configurations yielded iden-
tical parameter estimates when PK and PD sampling
times coincided (only NONMEM’s S matrices differed fit-
tingly).
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Figure 2: Example of simultaneous PK-PD data fits.
Black solid lines: using model M;; red lines: using
model M, (without PK-PD information transfer).

Figure 2 shows an example of simultaneous PK-PD data
fits using models M; and My, in the setting of a ran-
domly varying k4 but constant k.o = 2.

It illustrates the possible advantage of simultaneous
PK-PD analysis - PK samples help PD state estimation
and vice versa. With My, PK samples update both the
PK and PD states; with M, PK samples update only the
PK states (similarly for PD samples).

Figure 3 shows boxplots of normalized estimates of k.o
and its standard error (from NONMEM’s $COV step):

« Simultaneous PK and PD analysis increased the preci-
sion of the estimates of k¢ in particular (configuration
M, versus My).

« With increasing k.o, the improvement approached the
expected one based on the increased number of mea-
surements, and measurement noise levels (a factor +/2).

o Also, with increasing k.o, a bias appeared in the esti-
mates of k. if no Kalman filter was applied (model M3),
indicating that changes in effect-site concentration due
to changes in k4 were less well tracked.

Results (continued)
Furthermore, without a Kalman filter:

e Parameter estimates Cone and E, showed a small
downward bias;

e The SEs of Cone and Ey were greater;

o The SE of kr might be underestimated by NONMEM’s
$COVARIANCE step.
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Figure 3: Boxplots of normalized parameter esti-
mates. Green, blue and red results refer to models
M, M, and M3, respectively. The dashed lines in the
upper panel are based on 1.48 times the median abso-
lute deviation of the parameter estimates from model
M, in the lower panel.

Conclusions

e PK and PD data can be analyzed simultaneously us-
ing an “alternating Kalman filter” configuration, which
has the advantage that the PK and PD sampling times
do not need to coincide. This approach is similar to
"sequential processing” [4], with missing data.

o A disadvantage of a stochastic model is the increased
number of differential equations, in this case from 3
to 30. So it may not be feasible to fit more complex
absorption-disposition models.

e Solving the Kalman filter matrix equations by hand
is tedious and prone to error. Optimized FORTRAN
code from a computer algebra system has the advan-
tages that the solutions are correct, and that the loads
for NM-TRAN and NONMEM are minimized.

o A stochastic differential equation for k.o may be use-
ful in case it truly varies or of model misspecification;
without it, PK model parameter k4 might incorrectly
vary to adjust for it.

» When k. is identified as being essentially constant, si-
multaneous PK-PD analysis may decrease its estimation
€rror.
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