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I. Background

A wide variety of semi-mechanistic, mathematical models have been developed to describe tumor growth over time under treatment, and they all share
a similar feature: the best model is often specific to the tumor-intrinsic factors driving growth (such as VEGF), and/or to the treatment’s mechanism of
action (such as immune checkpoint inhibitors).
The use of a treatment- or tumor-specific model has two important limitations:

1. Limits our ability to compare treatment efficacy across subpopulations and treatments
2. Limits our ability to reliably estimate responses to new therapies, whose mechanisms may not yet be well understood

It follows that a goal of tumor-growth modeling efforts should be develop a modeling framework that is both sufficiently general as to enable compar-
isons across treatments and/or sub-populations, and is sufficiently flexible to capture treatment response patterns across a variety of treatments and
tumor types.
The work presented here is our attempt to satisfy this goal.
We present sfgp, an open-source software package in R that implements a hierarchical Bayesian semi-mechanistic model with GP-augmented parame-
ters in Stan. We show how this approach is both flexible and general, with good performance for estimating tumor-size responses to treatment across a
variety of treatments and indications.

II. Usage

Installation is easy, from the github repo:

remotes::install_github('generable/sfgp')
library(sfgp)

Each longitudinal model is an instance of TSModel class. The first step is to define the model. We then prepare the data, fit the model, and summarize
the results.
In code, this looks like the following:

dat <- create_dummy_data()
m1 <- TSModel$new(y ~sf(t, id | arm)) # define model
m1dat <- add_sff_input(dat, m1)       # prepare data
f1 <- m1$fit(m1dat, chains = 1)       # fit model
f1$plot()                             # summarize inferences

# predict at test points
t_pred <- seq(0, 9, by = 0.2)
pred <- f1$predict_time(t_pred, t_var = "t")
pred$plot(plot_y = FALSE) +
  ggplot2::geom_point(data = dat, inherit.aes = F, aes(x = t, y = y))

III. Implementation

The likelihood of observation 𝑖 is
log(𝑦𝑖 + 𝛿) ∼ 𝒩(𝑓𝑖, 𝜎2), (1)

where

𝑓𝑖 = 𝑓(𝐱𝑖) =∑
𝐽

𝑗=1
𝑓 (𝑗)(𝐱𝑖) (2)

is the expected log tumor size, 𝜎 is an unknown parameter, and the 𝛿 value is a constant. We use 𝑦𝑖 to denote the observed longitudinal measurement,
and 𝐱𝑖 the corresponding covariate vector. Typically, 𝐱𝑖 includes a subject identifier id𝑖, measurement time 𝑡𝑖, treatment arm arm𝑖 and possible other
factors or continuous covariates.
The functions 𝑓 (𝑗), 𝑗 = 1,…, 𝐽  are the additive function components that, together, define the model.
Here are some of the terms implemented:

Term name Formula Description Typical usage
GroupedOffsetTerm offset(g) 𝑓BAS(g ∣ 𝐜0) where 𝐜0 is an unknown parameter vector with inde-

pendent priors.
Baseline value per subject (here,
𝑔)

HierOffsetTerm offset(g | h) 𝑓BAS(g, h ∣ 𝐜0) where 𝐜0 is an unknown parameter vector with hi-
erarchical priors

tumor-growth parameter esti-
mated per subject (here, 𝑔), hier-
archically per arm (here, ℎ)

Shared GPTerm gp(x) 𝑓GP(𝑥 ∣ 𝛼, ℓ) ∼ 𝒢𝒫(0, 𝑘EQ(𝑥, 𝑥′ ∣ 𝛼, ℓ)) Population-level response over
time (here, 𝑥).

Group-specific GPTerm gp(x, z)
𝑓HSGP(𝑥, 𝑧 ∣ 𝛏1,…, 𝛏𝐺, 𝛼, ℓ, 𝐵, 𝐿) =

⎩{
⎨
{⎧𝑓HSGP(𝑥∣𝛏1,𝛼,ℓ,𝐵,𝐿) if 𝑧=1
⋮
𝑓HSGP(𝑥∣𝛏𝐺,𝛼,ℓ,𝐵,𝐿) if 𝑧=𝐺

Group-specific response over
time (here, 𝑥)

Main SFTerm sf(x) 𝑓SF(𝑥 ∣ 𝑘𝑔, 𝑘𝑠) = exp(𝑘𝑔𝑥) + exp(−𝑘𝑠𝑥) − 1 Tumor-size response over time
(here, 𝑥) using Stein-Fojo model

convenience SFTerm sf(x, id | h) 𝑓SFid (𝑥 ∣ 𝑘𝑔, id, 𝑘𝑠, id) = exp(𝑘𝑔, id𝑥) + exp(−𝑘𝑠, id𝑥) − 1 Hierarchical SF model over time
(here, 𝑥) by id (here, id) and arm
(here, ℎ)

FormulaSFTerm sff(t | kg ~ ...,
ks ~ ...)

Stein-fojo model where 𝑘𝑔 and 𝑘𝑠
are functions of covariates (see
examples)

IV. Example models

i. The SF-only model
In the basic SF-only model using the convenience SFTerm we have 𝐱 = {𝑡, id, arm}, 𝐽 = 2 and

mod1 <- TSModel$new(y ~ sf(t, id | arm))

𝑓 (1)(𝐱) = 𝑓 log-SF(t ∣ 𝐤𝑔, 𝐤𝑠)

𝑓 (2)(𝐱) = 𝑓BAS(id ∣ 𝐜0)
(3)

Notice that in this case, we have
exp(𝑓(𝐱)) = exp(log c0, id + log 𝑓SF(𝑡 ∣ 𝑘𝑔, id, ∣ 𝑘𝑠, id)) = c0, id(exp(𝑘𝑔, id ⋅ 𝑡) + exp(−𝑘𝑠, id ⋅ 𝑡) − 1) (4)

which is the original formulation of the SF tumor size model.

ii. An SF+GP model
An example of an SF+GP model with 𝐱 = {𝑡, id, arm}, 𝐽 = 4 is

mod2 <- TSModel$new(y ~ sf(t, id | arm) + gp(t) + gp(t, arm))

It has the terms
𝑓 (1)(𝐱) = 𝑓 log-SF(t ∣ 𝐤𝑔, 𝐤𝑠)

𝑓 (2)(𝐱) = 𝑓HSGP(t ∣ 𝛏t, 𝛼t, ℓt, 𝐵t, 𝐿t)

𝑓 (3)(𝐱) = 𝑓HSGP(t, arm ∣ 𝛏(1)t× arm,…, 𝛏
(𝐺𝑎𝑟𝑚)
t× arm , 𝛼t× arm, ℓt× arm, 𝐵t× arm, 𝐿t× arm)

𝑓 (4)(𝐱) = 𝑓BAS(id ∣ 𝐜0)

(5)

where 𝐺arm is the number of treatment arms.
In this model, we utilize the Stein-Fojo function for the mean response and model the noise using a gaussian process term overall and separately per arm.

iii. An SF model with GP-augmented parameters
A final example of an SF model with 𝐱 = {𝑡, id, arm} is

mod3 <- TSModel$new(
  y ~ sff(
    t | ks ~ offset(id_ks | arm_ks) + gp(t_ks, arm_ks),
    kg ~ offset(id_kg | arm_kg) + gp(t_kg, arm_kg)
  ))

Like the SF-only model, it has 2 terms
𝑓 (1)(𝐱) = 𝑓 log-SF(t ∣ 𝐤𝑔, 𝐤𝑠)

𝑓 (2)(𝐱) = 𝑓BAS(id ∣ 𝐜0)
(6)

However, each of the 𝑘𝑔 and 𝑘𝑠 parameters is itself defined as a list of terms. In this example, both 𝑘𝑔 and 𝑘𝑠 are defined hierarchically over ids per arm,
and each parameter can vary over time by arm.

V. Experimental Setup

We use two datasets to evaluate our approach:

1. A simulated dataset comprised of longitudinal tumor-size data for subjects with metastatic melanoma treated with an aPD-L1 checkpoint inhibitor.
The details of the simulation have been described previously (R. Dutta, A. Mohan, J. Buros-Novik, G. Goldmacher, O. O. Akala, and B. Topp [1]). A
hypothetical early-phase trial is reconstructed by sampling 30 subjects from each of two arms.

2. A sample of subjects with metastatic prostate cancer treated with docetaxel (J. Wilkerson et al. [2]). A hypothetical early-phase trial is reconstructed
by selecting samples of 30 subjects from two active comparator arms.

For each dataset, we will perform the following as validation:

• Fit the model(s) to the sampled datasets, reserving hold-out subjects from each arm.
• Evaluate model performance using approximate leave-one-observation-out cross-validation (LOOO-CV) (A. Vehtari, A. Gelman, and J. Gabry [3]).
• Summarize distribution of predicted responses for new subjects in each arm
• Compare predictive distribution for new subjects to observed trajectories for held-out subjects.

1) Sampled subjects:

Figure 1 Figure 2

VI. Results

i. Predictive performance
Table 1:  Example

(a) Simulated data
Predictive performance for simulated data (MM)
model elpd_loo elpd_diff se_diff
SF with GP-aug 461.85 0.00 0.00
SF+GP 239.45 −222.40 12.26
SF-only 32.41 −429.44 9.76

(b) PDS data
Predictive performance for PDS data (prostate)
model elpd_loo elpd_diff se_diff
SF+GP −12.65 0.00 0.00
SF with GP-aug −47.85 −35.19 9.49
SF-only −97.38 −84.73 21.21

ii. Predictive checks

(a) Simulated data (b) PDS data
Figure 3:  Example

iii. Expected treatment effects

(a) Simulated data (b) PDS data
Figure 4:  Example

iv. Treatment effect performance

(a) Simulated data (b) PDS data
Figure 5:  Example

(a) Simulated data (b) PDS data
Figure 6:  Example

Example
Figure 7
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