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Assuming there is no variability of data, can we uniquely estimate model parameters?

Given a certain level of variability of data, how precisely can we estimate model parameters?



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Practical Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



“Practical” Parameter Identifiability Analysis

Hongyu Miao, Xiaohua Xia, Alan S. Perelson, and Hulin Wu. 
On Identifiability of Nonlinear ODE Models and Applications in Viral Dynamics. SIAM REVIEW, 53(1):3–39, 2011.

Nonlinear Model Computational Cost

Fisher Information Matrix not-Robust Fast

Monte Carlo / Bootstrap 
method Robust Impractically Slow...



Example 0 : Influenza Kinetics model (Baccam et al.)



Example 0 : Influenza Kinetics model (Baccam et al.)



Example 0 : Influenza Kinetics model (Baccam et al.)

du1

dt
= �x1u1u4

du2

dt
= x1u1u4 �

1
x2

u2

du3

dt
=

1
x2

u2 �
1
x3

u3

du4

dt
=

x4

x5
u3 � x6u4

u1(t = 0) = x5

u2(t = 0) = 0
u3(t = 0) = 0
u4(t = 0) = x7



Example 0 : Influenza Kinetics model (Baccam et al.)

du1

dt
= �x1u1u4

du2

dt
= x1u1u4 �

1
x2

u2

du3

dt
=

1
x2

u2 �
1
x3

u3

du4

dt
=

x4

x5
u3 � x6u4

u1(t = 0) = x5

u2(t = 0) = 0
u3(t = 0) = 0
u4(t = 0) = x7



Example 0 : Influenza Kinetics model (Baccam et al.)

du1

dt
= �x1u1u4

du2

dt
= x1u1u4 �

1
x2

u2

du3

dt
=

1
x2

u2 �
1
x3

u3

du4

dt
=

x4

x5
u3 � x6u4

u1(t = 0) = x5

u2(t = 0) = 0
u3(t = 0) = 0
u4(t = 0) = x7



0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

Example 0 : Influenza Kinetics model (Baccam et al.)

du1

dt
= �x1u1u4

du2

dt
= x1u1u4 �

1
x2

u2

du3

dt
=

1
x2

u2 �
1
x3

u3

du4

dt
=

x4

x5
u3 � x6u4

u1(t = 0) = x5

u2(t = 0) = 0
u3(t = 0) = 0
u4(t = 0) = x7

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data1

tTime elapsed (   )

Vi
ru

s 
C

on
ce

nt
ra

tio
n 

(  
   

  )
u

4

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

y�1
y�2

y�3

y�4



Monte Carlo / Bootstrap method



0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data1

10−1 100 101 102
103

104

105

106

107

tTime elapsed (   )

Vi
ru

s 
C

on
ce

nt
ra

tio
n

Parameter 4 (      )

Pa
ra

m
et

er
 6

 ( 
   

 )

x4

x
6

Monte Carlo / Bootstrap method

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6



0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data1

10−1 100 101 102
103

104

105

106

107

tTime elapsed (   )

Vi
ru

s 
C

on
ce

nt
ra

tio
n

Parameter 4 (      )

Pa
ra

m
et

er
 6

 ( 
   

 )

x4

x
6

Monte Carlo / Bootstrap method

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

Find       that minimizesx ||f(x)� y�
exp1||2



tTime elapsed (   )Parameter 4

Pa
ra

m
et

er
 6

Vi
ru

s 
C

on
ce

nt
ra

tio
n

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data2

Monte Carlo / Bootstrap method

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

10−1 100 101 102
103

104

105

106

107

Find       that minimizesx ||f(x)� y�
exp2||2

10−1 100 101 102
103

104

105

106

107

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6



tTime elapsed (   )Parameter 4

Pa
ra

m
et

er
 6

Vi
ru

s 
C

on
ce

nt
ra

tio
n

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data3

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

10−1 100 101 102
103

104

105

106

107

Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�
exp3||2

10−1 100 101 102
103

104

105

106

107

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

10−1 100 101 102
103

104

105

106

107

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6

0 20 40 60 80 100 120 140 160 180
−1

0

1

2

3

4

5

6



We do not usually have enough sets of experimental data to conduct 
statistical analyses on the sets of parameters found from them...

Monte Carlo / Bootstrap method



We do not usually have enough sets of experimental data to conduct 
statistical analyses on the sets of parameters found from them...

Artificially create data.

Monte Carlo / Bootstrap method



We do not usually have enough sets of experimental data to conduct 
statistical analyses on the sets of parameters found from them...

Artificially create data.

Explicitly specify variability level and distribution

Monte Carlo method

Monte Carlo / Bootstrap method



We do not usually have enough sets of experimental data to conduct 
statistical analyses on the sets of parameters found from them...

Artificially create data.

Explicitly specify variability level and distribution

Monte Carlo method Bootstrap method

Resample residuals

Monte Carlo / Bootstrap method



tTime elapsed (   )Parameter 4

Pa
ra

m
et

er
 6

Vi
ru

s 
C

on
ce

nt
ra

tio
n

10−1 100 101 102
103

104

105

106

107

0 20 40 60 80 100 120 140 160 180
−4

−3

−2

−1

0

1

2

3

4

5

6

Experimental Data1

Monte Carlo / Bootstrap method



Monte Carlo / Bootstrap method



Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�
exp1||2



Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�
exp1||2

Find       that minimizesx ||f(x)� y�
exp2||2



.

.

.

Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�
exp1||2

Find       that minimizesx ||f(x)� y�
exp2||2

Find       that minimizesx ||f(x)� y�
exp3||2



.

.

.

Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�
exp1||2

Find       that minimizesx ||f(x)� y�
exp2||2

Find       that minimizesx ||f(x)� y�
exp3||2

||f(x)� y�
exp1000||2Find       that minimizesx



Monte Carlo / Bootstrap method

Find       that minimizesx ||f(x)� y�||2



Gauss Newton method
xnew = xold + (JTJ)�1(JT(f(xold)� y�))
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Conventional Algorithm

x 1,000

Number of simulations needed to obtain 1,000 sets of parameters.

(Number of parameters + 1) x Number of iterations
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Approximating the Jacobian matrix using the neighbours...

�y(i) = f(x)� f(x(i)
neighbour)

for i = 1, 2, . . . , nneighbour

�y(i) = Japprox�x(i)

�x(i) = x� x(i)
neighbour
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Example 1 HIV kinetics model of Miao et al.



u1(t = 0) = x10

u2(t = 0) = x11

u3(t = 0) = x12

u4(t = 0) = x13

du1

dt
= (x1 � x5u2 � x6u3 � x7u4)u1

du2

dt
= (x2 + x5u1 � x8u3)u2 +

1
4
x7u4u1

du3

dt
= (x3 + x6u1 � x9u2)u3 +

1
4
x7u4u1

du4

dt
= (x4 +

1
2
x7u1)u4 + (x8 + x9)u3u2

Example 1 HIV kinetics model of Miao et al.

Hongyu Miao, Carrie Dykes, Lisa M. Demeter, James Cavenaugh, Sung Yong Park, Alan S. Perelson, and Hulin Wu. 
Modeling and Estimation of Kinetic Parameters and Replicative Fitness of HIV-1 from Flow-Cytometry-Based Growth 
Competition Experiments. Bulletin of Mathematical Biology, 70:1749– 1771, 2008.
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Example 2 Benchmark Problem of Moles et al.

Carmen G. Moles, Pedro Mendes, and Julio R. Banga. Parameter Estimation in Biochemical Pathways: 
A Comparison of Global Optimization Methods. Genome Research, 13:2467–2474, 2003.

du1

dt
= x1/(1 + (p/x2)x3 + (x4/s)x5)� x6u1

du2
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= x7/(1 + (p/x8)x9 + (x10/u7)x11)� x12u2

du3

dt
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du4

dt
= x19/(x20 + u1)u1 � x21u4

du5

dt
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du6

dt
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du7
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du8

dt
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� x34/x35u6(u8 � p)/(1 + u8/x35 + p/x36)
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