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Objectives 

Models using delay differential equations (DDEs) can be coded as ordinary differential equations (ODEs) 
with the method of steps.  A drawback of method of steps  is the large number of ODEs and delays making 
the DDE model implementation strenuous to code. DDEXAPND is a program that uses the method of 
steps to expand the base ODE’s to include their time-delayed ODE’s, and generate a NONMEM control 
stream for the DDE model. 

Features 

Conclusions 

•DDEXPAND is a utility program that expands an NM-TRAN-template control stream to form a 
functional NMTRAN control stream to be run by NONMEM.  

•DDEXAPAND requires for input a template text file (*.dde) with base model equations and a regular 
NONMEM data file (*.csv).  

•The program outputs a text file (*.ctl) with a NMTRAN control stream and a modified data file (*.csv).  
•DDEs are implemented in the *.dde file using the NMTRAN syntax for ODEs with additional structures 
accounting for delays of model states  and their past conditions. 

• DDE based models can be implemented in NONMEM using the method of steps.  
• DDEXPAND provides a convenient tool for propagating and coding DDEs in NONMEM.  
• DDEXPAND solutions of DDE models are equally accurate as solutions obtained by standard 

DDE solvers.  

• Introduction to the Method of  Steps 
•DDEXPAND basics 
•Rheumatoid arthritis development in collagen-induced 
arthritic mice  

• Influenza A virus  infection in humans 
•Lifespan indirect response model with precursor pool 
•Erythropoietin stimulation of RBCs  

Demonstrations 

Installation 

• DDEXPAND source files consist of  two FORTRAN files ddexpand.f90 and finedata.f90 which 
need to be compiled in  a working directory containing NMTRAN control steam and data file to 
be run by NONMEM.   

• DDEXPAND is an executable file that runs under DOS command window.  
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Objective 
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• Explain how MOS works using a simple DDE 
example. 

• Implement MOS in NONMEM 



General Form of DDE System 
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x(t)  = vector of states at time t. 
T1, …, Tp = delay times. 
(t) =   vector valued function describing the states in 
the past.  

The rate of change of x depends not only on the current 
value x(t),  but also on the system states before times T1 , 
…, Tp:  x(t-T1),…, x(t-Tp).  

))(),...,(),(),(,( 21 pTtxTtxTtxtxtf
dt

dx


x(t)= (t),     for  t  0 

for  t > 0 



Methods of Steps: Example 

)1t(x
dt

dx
 10)t(x  for t  0 

1st step: Find solution for 0< t <1: 

0< t <1  -1 < t-1 < 0  x(t-1)= 10 

for 0< t 

10
dt

dx


t1010)t(x 

2nd step: Find solution for 1< t <2: 

1< t <2  0 < t-1 < 1  x(t-1)= 10 – 10(t-1) 

))1t(1010(
dt

dx


2)1t(5)1t(10)t(x 

3rd step: Find solution for 2 < t <3: 

1< t <2  1 < t-1 < 2  x(t-1)= -10(t-2) + 5(t-2)2 

))2t(5)2t(10(
dt

dx 2

32 )1t(
3

5
)2t(55)t(x 

DDE: 



Method of Steps 

Driver RD. Ordinary and Delay Differential Equations. New York, Springer-Verlag, 1977.  

•If for a time interval ti < t < ti+1 (“a step”) the delay ti+1- T is less than ti, then 
delayed state y(t-T) defined by its values for times less than ti, which makes y(t-T) 
a “known” variable. 
 
•If all delayed variables become “known” over the time interval ti < t < ti+1, then 
for this time interval the system does not have unknown delay variables and 
becomes an ODE system. 
 

• Methods of steps transforms a system of DDEs into 
a system of ODEs. 
 



MOS: Numerical Implementation  
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To find a solution for 0< t <3:   y1(t)=x(t), y2(t)=x(t-1) 

for 0< t 

)(2
1 ty

dt
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Since  t -2 > 0  for some t, we need to calculate x(t-2): y3(t)=x(t-2) 

Since  t -3 < 0  for all 0 < t <3 : x(t-3) = 10 and 

Initial conditions: y1(0)= 10, y2(0) = 10, y3(0) = 10 
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NM-TRAN Control Stream  
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Results 
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• Implement in NM lifespan indirect response 
model with a precursor (LIPDR) using the 
method of steps. 

• Fit PDLIDR model to simulated responses for  
N=125 subjects in five dose groups and compare 
the parameter estimates with their original 
values.  



PDLIDR Model 
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Bauer and Krzyzanski,  Computer Methods and Programs in 
Biomedicine. 111:715–734 (2013) 

Ak
dt

dA
el

Pk)t(Sk
dt

dP
10 

)Tt(PkPk
dt

dR
R11 

1

0

k

k
)t(P  t  0  

R0Tk)t(R 

)t(CSC

)t(CS
1)t(S

50

max




t  0  

C = A/V 



Simulated Data 
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i

i e

Inter individual variability model 

ijjiij ))t(Rlog()Ylog( 

Inter individual variability model 

• N =125 subjects divided evenly 
into 5 IV dosing groups at doses 
0.1, 1, 10, 100 and 100 units. 

• Data points were simulated at 25 
evenly distributed time points 
from 0-96 h.  

• Simulations were performed in 
MATLAB.  

Bauer and Krzyzanski,  Computer Methods and Programs in 
Biomedicine. 111:715–734 (2013) 



Individual Response Time Courses 
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Individual plots described by the lifespan indirect response model with a 
precursor  

Bauer and Krzyzanski,  Computer Methods and Programs in 
Biomedicine. 111:715–734 (2013) 



Install ddexpand and finedata  
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ddexpand and finedata should be installed in a working directory where  pre-
control stream and data files are.  



Pre-control Stream 
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Lower bound for model delay 

Last time point 



Pre-control Stream 

8 

Definition of model delay 

Model equations 

Definition of past 



Run ddexpand 
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NM-TRAN control stream Pre-control stream 

NM data set 



Run NM-TRAN Control Stream 
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PRED vs. TIME 
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Observed vs Predicted 
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Parameter Estimates 
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Parameter Estimate SE 

KEL 0.25 FIX 

V 1.0 FIX 

K0 0.49 0.00558 

K1 0.0498 0.000919 

SMAX 51.3 0.909 

SC50 1.04 0.0404 

TR 20.1 0.446 

K0
2 0 FIX 

K1
2 0.034 0.005 

SMAX
2 0 FIX 

SC50
2 0 FIX 

TR
2 0.0447 0.00522 

2 0.0979 0.000251 
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Objective 
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• Implement in NM CIA  model for RA in mouse  
using the method of steps. 

• Simulate  Total Arthritic Sore and Alkylosis Score 
time courses following bolus administration of  
placebo, 1, 10, and 100 mg/kg of anti-GM-CSF 
antibody. 



Collagen-Induced Arthritis Mouse Model for 
Rheumatoid Arthritis 

Koch et al., JPKPD 39:55 (2012). 

The CIA mouse model consists of two phases, the induction phase followed by 
the arthritis development phase. In the induction phase an initial immunization 
with collagen takes place and after 21 days a booster injection is administered. 
The begin of the arthritis development phase is the day of disease onset when 
first signs of arthritis are detected. At this time the disease development phase 
begins. 

3 



Collagen-Induced Arthritis Mouse Model 
for Rheumatoid Arthritis 

• CIA was induced in DBA/1 mice by immunization with collagen. 
• After 21 days a dose of GM-CSF neutralizing antibody 22E9 is injected IV into 

mice (t = 0, 7, 14 days). 
• Total arthritic score (TAS) (0-4) and ankylosis score (AKS) (0-2) is assigned to 

each animal ever other day for 35 days. 
 

Time courses of TAS and AKS (mean and SD) following multiple administration 

of 22E9 at specified doses: symbols (observed), lines (model predicted).  

4 Koch et al., JPKPD 39:55 (2012). 



PKPD Model of CIA in Mice 
T = Delay before development of ankylosis. 

5 Koch et al., JPKPD 39:55 (2012). 

𝑑

𝑑𝑡
𝐺(𝑡) = 𝑘3 − 𝑒 𝑐(𝑡) 𝐺 𝑡 −

𝑘1
𝑘2

1 − exp −𝑘2𝑡 𝐺(𝑡) 

𝑑

𝑑𝑡
𝐼(𝑡) = 𝑘4𝐺 𝑡 − 𝑘4𝐺(𝑡 − 𝑇) 

𝑑

𝑑𝑡
𝐷(𝑡) = 𝑘4𝐺 𝑡 − 𝑇 − 𝑘5𝐷(𝑡) 

𝐺 𝑡 = 𝑎 exp(𝑏𝑡) 

𝐼 0 = 𝐼0 

𝐷 0 = 0 

for 𝑡 ≤ 0 

𝑒 𝑐(𝑡) =
𝐸𝑚𝑎𝑥𝑐(𝑡)

𝐸𝐶50 + 𝑐(𝑡)
 

where 



Model Parameters 

6 
Koch et al., JPKPD 39:55 (2012). 



Install ddexpand and finedata  
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ddexpand and finedata should be installed in a working directory where  pre-
control stream and data files are.  



Pre-control Stream  

8 

Lower bound for model delay 

End time for simulation or last time point 



Pre-control Stream  
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Model equations 

Definition  of past 



Run ddexpand 
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NM-TRAN control stream Pre-control stream 

NM data set 



Run NM-TRAN Control Stream 
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Results: Total Arthritic Score 
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Results: Ankylosis Score 
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Objective 
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• Implement in NM a PKPD model of 
infection with influenza A virus using the 
method of steps. 

• Simulate time courses the viral titer.  



Model of Influenza A Virus Infection 
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Koch G et al. (2014) J Pharmacokinet Pharmacodyn 41(4): 291-318 
Baccam P et al. (2006) J Virol 80(15):7590-99 
 

𝑈 𝑡  - number of uninfected target cells 
𝑉 𝑡  - infectious viral titer of nasal wash 
𝐼1 𝑡  - infected cells which are not able to produce virus  
𝐼2 𝑡  - infected cells which are actively producing virus 
𝐹 𝑡  - cytokines (interferons) secreted by virus-producing cells 
𝑇      - delay after cells begin producing virus  and influence the   
           rate at which infected cells move into the virus producing state  
 



Model Equations 

4 Koch G et al.  J Pharmacokinet Pharmacodyn 41: 291-318 (2014)  

𝑑

𝑑𝑡
𝑈 𝑡 = −𝛽𝑈 𝑡 𝑉(𝑡) 

𝑑

𝑑𝑡
𝐼1 𝑡 = 𝛽𝑈 𝑡 𝑉 𝑡 −

𝑘

1 + 𝜀1𝐹 𝑡
𝐼1(𝑡) 

𝑑

𝑑𝑡
𝑉 𝑡 =

𝑝

1 + 𝜀2𝐹 𝑡
𝐼2 𝑡 − 𝑐𝑉(𝑡) 

𝑑

𝑑𝑡
𝐹 𝑡 = 𝑠𝐼2 𝑡 − 𝑇 − 𝛼𝐹(𝑡) 

𝐼1 0 = 0 

𝐼2 𝑡 = 0 

𝐹 0 = 0 

 𝑡 ≤ 0 

𝑉 0 = 𝑉0 

𝑈 0 = 𝑈0 

𝑑

𝑑𝑡
𝐼2 𝑡 =

𝑘

1 + 𝜀1𝐹 𝑡
𝐼1 𝑡 − 𝛿𝐼2(𝑡) 

𝑈0 =
𝑐𝛿𝑅0

𝑝𝛽
 

Reproductive number 



Model Parameters 

5 Koch G et al.  J Pharmacokinet Pharmacodyn 41: 291-318 (2014)  



Install ddexpand and finedata  
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ddexpand and finedata should be installed in a working directory where  pre-
control stream and data files are.  



Pre-control Stream IAV.dde 
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$SIZES need to be manually adjusted to account for large MOS model dimension 

Lower bound for model delay 

End time for simulation or last time point 

Definition of model delay 



Pre-control Stream IAV.dde 
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Model equations 

Definitions of pasts for delayed states 



Run ddexpand 
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NM-TRAN control stream Pre-control stream 

NM data set 



Run NM-TRAN Control Stream 
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Results: V vs. t 
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Objective 

2 

• Implement in NM a PKPD model effect on RBC 
production in rats using the method of steps. 

• Simulate time courses of rHuEPO , reticulocytes, 
and RBCs in individual animal following a bolus 
dose of 92.51 pmol/kg.   



PKPD Model of EPO Effect on RET and 
RBC in Rats 

3 

Bauer and Krzyzanski,  Computer Methods and Programs in Biomedicine. 111:715–734 (2013) 



Model Equations 

4 Bauer and Krzyzanski,  Computer Methods and Programs in 
Biomedicine. 111:715–734 (2013) 
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Model Parameters 
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33.6 

Bauer and Krzyzanski,  Computer Methods and Programs in 
Biomedicine. 111:715–734 (2013) 



Install ddexpand and finedata  
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ddexpand and finedata should be installed in a working directory where  pre-
control stream and data files are.  



Pre-control Stream EPO.dde 
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Upper bounds for model delays 

End time for simulation or last time point 

$SIZES need to be manually adjusted to account for large MOS model dimension 



Pre-control Stream EPO.dde 
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$SIZES need to be manually adjusted to account for large MOS model dimension 

Lower bounds for model delays 

End time for simulation or last time point 



Pre-control Stream EPO.dde 
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Definitions of model delays 

Definitions of pasts for delayed states 



Pre-control Stream EPO.dde 
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Model equations 



Run ddexpand 
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NM-TRAN control stream Pre-control stream 

NM data set 



Run NM-TRAN Control Stream 
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Results: C vs. t 
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Results: AT vs. t 
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Results: R vs. t 
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Results: RC vs. t 
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Results: RET vs. t 
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Results: RBC 
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Results: Hb vs. t 

19 


	DDEXPAND-POSTER-PAGE-2017
	�DDEXPAND Interface for Coding Delay Differential Equations Based Models in NONMEM   �              �Wojciech Krzyzanski1, Bob Bauer2 ��     1University at Buffalo, Buffalo, USA,   2ICON, Gaithersburg, USA.�

	MOS
	PDLIDR
	RA
	IAV
	EPO

