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Introduction
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Need for better model selection techniques
— Subject matter can not always provide model form
— Empirical models often used in exposure-response

— Nonlinear mixed effects is flexible with respect to
model forms

— Marginal variance depends upon model form
— Robust selection

Population modelers (pharmacometricians)
are well-suited for developing and applying
new data-analytic techniques to enhance
decision making



Objective

 Introduce Hellinger Distance as a
orincipled methodology for selection
petween nonhierarchical models

 Introduce the concept of minimizing the
Hellinger Distance as an efficient yet
robust estimator — an alternative to the
MLE (or ELS)
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What Is Hellinger Distance

e Definition
HD%= [(frz2—gi2)ydy=2-2[ fl2giady
— An absolute measure between two densities
— HD? = 0 when f = g ranging from 0-2 inclusive
« HD for two univariate normal densities
2 ) 1/4 _ 2
HD%~ 2 — 2[(01 0, )1/2 exp| — (/Ul ﬂz)
(0124‘522) i 4(012"‘022)
— Extendable to multivariate normal for
population model densities
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HD for Model Selection

e Likelihood based methods (such as AlIC, BIC)
are often applied to nonhierarchical model
selection
— Debatable as to whether these methods are appropriate
— Robust to outliers and data contamination?

« Ultimately interested in selecting a model that
IS “closest” to the underlying model

e HD for model selection

— Targets the “closest” parametric model to an
assumption-poor nonparametric model form

— “Closeness” defined with respect to the first two
moments (mean, variance)
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HD for MS (Implementation)

« Compare models to a nonparametric
assessment of model form

— Estimate ¢ nonparametrically (g,,)
 Loess, kernel smoother, mean
* g, — true xunder mild conditions

— Estimate g,* using residuals
— Compute HD(f,,g) and HD(f,,9)

— Select the f with the smallest HD
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HD for Model Selection (Examples)

* Example 1 ) éLgDif.ofMean
— Emax model + ¢ 2

e True model
e 3 parameters

=
— Emax model x exp(g) &

er
60
!

e False model g_
e 3 parameters o |
—<25% CV N
— 2000 simulations >l | | | |
0 50 100 150 200

Sample Size (n)

02MAY 2006



HD for Model Selection (Examples)

 Example 2

— Emax + ¢ 3
e True model
« 3 parameters ; s

— Linear + ¢ g [Tmmmmmm——
. False model i
e 2 parameters -

— 10% outliers 0 ——
* 4-6 orange o- AZ"('?

— 2000 simulations ~ © % w m a0

Sample Size (n)
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Minimum HD Estimation (MHDE)

 Recall HD definition
HD0)=2-2[ f#2hi2dy, y(0)= [ f}'2hi'2dy
e Consider:
— f, a model density of interest (eg, Normal)
— h, a nonparametric density estimator

 The parameters (@) can be estimated

— HD (or ») is a well-defined objective function
(bounded)

— HD definition suggests minimizing HD? or
maximizing y for estimation of & [Beran (1977)]
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Minimum HD Estimation

 Integral evaluation

1/2
(0)=[Tpmdy =] 0 hdy
f1/2 f (yf)_

—E 0 ~ 1 o\J |
Y(h%mj &;_hn(y,;)_

* Integral by SLLN [cheng & Vidyashankar (2003)]

1/2

Y~ h,

e Simulating y; ~ h, is the key
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Minimum HD Estimation

« Sampling y; ~ h,
_Let ¥Vi=my(x)+e&, 1<i<n
— Estimate M(X; ) nonparametrically

o V= a (x) " :ZYiK(Xc_nxi)
( |) gn( 1)1 e'g-’gn( ) ZK(xgnx,)

— Calculate residuals & =Y; — g,(x;)
— Estimate the density of the residuals

ho(e)=2 2 TK(55)= 2 3K,
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Minimum HD Estimation

h1/2

f1/2 L\ 11/2
—Recall 7(9)=] ", hyd zMZ|:f(y )} Y-

h,(y5)

— For j-th term In the integral approximation
o Sample a K, with probability p such as 1/n (i")

« Sample a random variable from this K, i.e.,
& =& +c,8;, whered ~ K (e.g., N[0,1])

* Then y; =g,(X)+&] or y; ~h, where h,is a
smoothed empirical density

— Optimization of #is now possible
« SAS PROC NLP (or PROC MODEL)
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MHDE (Examples)

 Example 3 o e
- MOdeI " . © SOOO e
. Emax ' X O'o//:
>/I — EO + _I_ gi 3 © ° ©
EC,, + X B
— Distribution: 3-
g ~N(0,02 =25) ]
— N=50

| I I I I I |
0 20 40 60 80 100 120
Xi

02MAY 2006



EX.4 y,=6+¢ 6=100,6=10 & ~ N(0,o2)
N=20 — 1000 Simulations
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EX.5 vy =0+0s 6=100,0=10
90%: & ~ N(0,02) 10%: & ~ 4 — 60 outliers (+)
N=20 — 1000 Simulations
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Remarks

* Properties of a good estimator [Beran]
— Efficient when model is true
— Not much loss when model is approximately true

e MLE (ELS)
— |s efficient when the model is true

— Can suffer instability under data contamination
(inefficiencies and lack of robustness)

— Uses a squared error with a penalty for increasing
the variance

02MAY 2006

16



Remarks

e MHDE is efficient with increased robustness

02MAY 2006

Efficient when model is true

Increased efficiency relative to total nonparametric
estimation

Nonparametric empirical density estimator reduces the
Influence of outliers (less loss when approximately true)
Novel methodology

 Smoothed mixture of kernels to emulate empirical density
of data

» Generalizes MHDE to typical data-analytic problems
» Well-suited to simulate data adequately
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