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A first simple model

Instants of observations

Observations /

|

Yii = f(gpiﬂtij)_l_gij

/

Individual parameters

(unknown)
Random fluctuations
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A first simple model
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N(O,Gj)
e
— f(goi:tij)+gi'

= u+b
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Fixed effects Random effects
N(0,T)
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A first simple model
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Fit the model

Yii = f(gpiﬂtij)_l_gij
C

Estimate the parameters

Hz(y,F,aj)

PAGE 2003



The Maximum ILikelihood Estimate

AVMLE
7 maximizes the likelihood of the observations & (y, 0 )

AMLE . .
9 possesses very good statistical properties :

* converges to @ when the number 7 of observations goes to infinity
* is asymptotically normally distributed
* is asymptotically efficient

Without any prior knowledge on &',
the MLE is usually the “best estimate” of &
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The Maximum ILikelihood Estimate

0

MLE

maximizes the likelthood of the observations & (y, 0 )

60 =[120:0) =1 [ p(o.7,0)do,

gy
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|
20°

0) = (27mz)_n5(27z\r\)_2 j exp{—

The MLE of @ cannot be computed in a closed-form
when /1s a nonlinear function of @

Iy, = f(@)| - % (@, — )T (o, - ﬂ)}dcﬁi
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Approximation of the likelithood

* Approximation by the likelihood of a linear mixed-effects model
first-order Taylor expansion of the model function /
(Sheiner & Beal, 1980 ; Lindstrom & Bates, 1990)

* Laplacian approximation of the likelthood function
(Pinheiro & Bates, 1995)

* Adaptative Gaussian quadrature approximation
(Pinheiro & Bates, 1995)

* Simulated Pseudo-Maximum Likelthood (SPML)
(Concordet & Nunez, 2002)
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The EM algorithm

Expectation-step :
compute 0, (8) = E{log(p(1,9:0)| ;6"

Maxcimization-step :
compute 0" = Argmax Q,(0)
0

Under very general conditions,
the EM algorithm converges to
a (local or global) maximum

of the likelihood g(y;0)
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The SAEM algorithm

(Stochastic Approximation version of EM)

Simulation-step :

draw gp(k) with the conditional distribution /(e ‘ y;ﬁ(k))

(or perform some iterations of MCMC, using the transition kernel H((p("_”,O;Q(")))
Approximation-step :
compute Q,(0)=0,,(0)+y, (log(p(y, (0(k) ,0)- 0, (‘9))

(Where O<]/k£1 aﬁd ]/kw())

Maxcimzation-step :

compute 0" = Argmax Q,(0)
0
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The SAEM algorithm

(Stochastic Approximation version of EM)

Under very general conditions,
the SAEM algorithm converges to

a (local or global) maximum

of the likelihood g(y;0)

1. Delyon B., Lavielle M., Moulines E. “Convergence of a stochastic approximation version of
the EM algorithm”, The Annals of Statistics, 1999.

2. Kuhn E., Lavielle M., “Coupling a stochastic version of the EM algorithm with a MCMC
procedure”, 2003.
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Circumference of five orange trees
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Circumference of five orange trees

The model:
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Estimation of the parameters with EM
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Estimation of the parameters with SAEM
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Estimation of the likelihood with EM
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Estimation of the likelihood with SAEM
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Nonlinear model n°1 Walker, 1996)

The model:
B Pir 1 |
Vi =@ - &
P;+1
¢, = My + by
P, =, + b,y
Qi3 = iy + b,

I
0 = (ﬂ19ﬂ29ﬂ396b196b290-b3903)
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Comparison of different estimates

The root mean squared relative error (RMSRE)

)

is estimated by Monte-Carlo:
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Nonlinear model n°1 Walker, 1996)

relative square roots of the mean square errors (in %)
T I | |

T
Il FOCE
[ 1 Laplacian
Bl SAEM
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Nonlinear model n1°2 (Concordet, 2002)

The model:

Yii = gpzl(l exp( Dir 1 J))_I_glji

(Dzl :lul +bzl F_[Gli 0';2]
_ 2 2
P =M, + b, O O
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Nonlinear model n°2 (Concordet, 2002)

relative square roots of the mean square errors (in %)
800

T
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[ ] Gaussian Quad.
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Nonlinear model n°3 (Mentré & Gomeni)

The model:
( O3, )
y; =D i e Mg 9 (1 +5l.j)
Dis — PuPir \ y
@y =1 +b,
P =1, +D,

Q3= s — 1, X age + b,

2

2 2 2
0 = (:u191u29/u39:u496b196b29019390-5)
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Nonlinear model n1°3  Mentré & Gomeni)

relative square roots of the mean square errors (in %)
[ I I [ [ |

[
Il FOCE
[ 1 PPharm
Bl SAEM

13/06/2003 PAGE 2003




Some possible extensions

- Estimation of the likelithood
(model selection, hypothesis testing, ...)

e Hstimation of the Fisher information matrix
(confidence intervals)

e Heteroscedastic models
* Non Gaussian random effects

(parametric or nonparametric distributions)
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